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INTRODUCTION 
S i n c e a p p l i e d mathematics and e n g i n e e r i n g u l t i m a t e l y a re reduced 
t o numer ica l r e s u l t s , t h e i r user must be a b l e t o employ the numbers and 
fo rmulas encoun te r ed so as t o o b t a i n the b e s t r e s u l t s . I t i s n e c e s s a r y 
i n making numer ica l c a l c u l a t i o n s t o r e p l a c e numbers which have an 
i n f i n i t e r e p r e s e n t a t i o n wi th r a t i o n a l numbers o f f i n i t e l e n g t h , whether 
i n computa t ion by hand o r wi th the a id o f an e l e c t r o n i c computer . There 
f o r e , i n making numer ica l c a l c u l a t i o n s , o n l y a f i n i t e subse t o f the r e a l 
numbers i s a c t u a l l y u sed . In t h i s s tudy c e r t a i n subse t s o f the r e a l 
numbers which a re used in d i g i t a l computers w i l l be examined., 
The e a r l y d i g i t a l computers were o f the f i x e d p o i n t t ype i n which 
the r a d i x p o i n t was f i x e d f o r the c o m p u t a t i o n s . Th i s p r e s e n t e d the 
t ime-consuming t a sk in programming o f a r rang ing the c a l c u l a t i o n s so 
t ha t a l l q u a n t i t i e s conce rned remained w i t h i n the l i m i t s o f the machine 
and y e t were e x p r e s s e d t o an a c c u r a c y s u f f i c i e n t t o i n s u r e the d e s i r e d 
p r e c i s i o n in the r e s u l t s . D i f f i c u l t y in programming was e l i m i n a t e d by 
the i n t r o d u c t i o n o f a computer which a l l o w e d numbers t o be e x p r e s s e d in 
e 
a f l o a t i n g r a d i x form. Numbers o f t h i s form are r e p r e s e n t e d by d 9 p . 
The f i r s t machine o f t h i s kind was the B e l l Te lephone L a b o r a t o r i e s ' r e l a 
computer model V. Th i s was a dec imal machine (p = 10) i n which 
0 .1 < | d | < 1, -19 < e < 19 , and d was e x p r e s s e d t o an a c c u r a c y o f 
seven f i g u r e s . Today most o f the e l e c t r o n i c d i g i t a l computers a re o f 
the f l o a t i n g p o i n t t y p e . 
In Chapter I c e r t a i n c o l l e c t i o n s o f numbers used in f l o a t i n g 
V 
p o i n t c o m p u t e r s w i l l be s t u d i e d . I n a d d i t i o n t h e p s e u d o o p e r a t i o n s o f 
a d d i t i o n and m u l t i p l i c a t i o n o f f l o a t i n g p o i n t numbers w i l l be d e f i n e d , , 
S i n c e t h e s e o p e r a t i o n s a r e d e t e r m i n e d b y t h e d e s i g n o f t h e p a r t i c u l a r 
m a c h i n e , t h e o p e r a t i o n s a s d e f i n e d i n t h i s s t u d y may d i f f e r s l i g h t l y 
f rom t h o s e of some c o m p u t e r s . A s e t o f f l o a t i n g p o i n t n u m b e r s , a l o n g 
w i t h t h e p s e u d o o p e r a t i o n s , w i l l be c a l l e d a f l o a t i n g p o i n t number s y s ­
t e m . P r o p e r t i e s o f t h e f l o a t i n g p o i n t number s y s t e m w i l l be e x a m i n e d 
and compared w i t h t h o s e o f t h e r e a l number s y s t e m . A l s o i n C h a p t e r I a 
n o r m a l i z e d f l o a t i n g p o i n t number s y s t e m w i l l be e x a m i n e d . I n t h i s s y s ­
tem a l l f l o a t i n g p o i n t numbers e x c e p t z e r o h a v e a n o n z e r o l e a d i n g d i g i t 
i n t h e f r a c t i o n a l p a r t . A f t e r a p s e u d o o p e r a t i o n w h i c h p r o d u c e s a z e r o 
i n t h e f i r s t d i g i t c f t h e f r a c t i o n a l p a r t , t h e number i s n o r m a l i z e d o r 
s h i f t e d u n t i l t h e f i r s t d i g i t i s d i f f e r e n t from z e r o . P r o p e r t i e s o f t h e 
n o r m a l i z e d f l o a t i n g p o i n t number s y s t e m w i l l a l s o be compared w i t h t h o s e 
o f t h e r e a l number s y s t e m . 
I n C h a p t e r I I t h e p s e u d o o p e r a t i o n s o f a d d i t i o n , m u l t i p l i c a t i o n , 
and d i v i s i o n a r e c o m p a r e d w i t h t h e c o r r e s p o n d i n g r e a l number o p e r a t i o n s 
and b o u n d s on t h e e r r o r c r e a t e d b y p e r f o r m i n g p s e u d o o p e r a t i o n s i n l i e u 
o f r e a l number o p e r a t i o n s a r e e s t a b l i s h e d . E r r o r a n a l y s i s i n d i g i t a l 
c o m p u t e r s w a s p i o n e e r e d f o r f i x e d p o i n t m a c h i n e s b y G o l d s t e i n and 
Von Neumann [ 5 ] and H o u s e h o l d e r [6 , 7 ] , A s i m i l a r a n a l y s i s f o r f l o a t i n g 
p o i n t m a c h i n e s w a s clone b y C a r r [ 3 ] and mos t o f t h e r e s u l t s o f C h a p t e r 
I I a p p e a r i n t h e p a p e r b y C a r r . 
I t i s shown i n C h a p t e r I t h a t t h e f l o a t i n g p o i n t number s y s t e m s 
l a c k many o f t h e good p r o p e r t i e s o f t h e r e a l number s y s t e m . I n c l u d e d 
i n t h e s e p r o p e r t i e s i s t h e a b s e n c e o f a s s o c i a t i v e and d i s t r i b u t i v e l a w s . , 
v i 
Chapter I I I d e a l s w i t h t h i s p r o b l e m . The o r d e r in which numbers are 
pseudo added and m u l t i p l i e d i s examined t o de te rmine which arrangement 
g i v e s r i s e t o the s m a l l e s t e r r o r bound. 
The s tudy c l c s e s (Chapter IV) w i t h a b r i e f s tudy o f a s p e c i a l 
p r o b l e m , t ha t o f f i n d i n g the r o o t s o r a second d e g r e e p o l y n o m i a l us ing 
p o l y n o m i a l d e f l a t i o n * The o r d e r in which the r o o t s are found i s d i s c u s s e d 
( W i l k i n s o n [ 1 4 ] d i s c u s s e s t h i s p rob lem f o r a g e n e r a l p o l y n o m i a l ) . 
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CHAPTER I 
NUMBER S Y S T E M S 
A . The R e a l Number S y s t e m 
The p u r p o s e o f t h i s s t u d y i s n o t t o make a d e t a i l e d a n a l y s i s o f 
t h e r e a l number s y s t e m b u t r a t h e r t o s t u d y c e r t a i n s u b s e t s o f t h e r e a l 
numbers w h i c h a r e u s e d t o a p p r o x i m a t e i t f o r c o m p u t a t i o n a l p u r p o s e s . C e r ­
t a i n p r o p e r t i e s o f t h e r e a l number s y s t e m w i l l be compared w i t h t h o s e o f 
t h e o t h e r s y s t e m s . To f a c i l i t a t e t h i s s t u d y some o f t h e p r o p e r t i e s o f t h e 
r e a l number s y s t e m w i l l be l i s t e d i n t h i s s e c t i o n . F o r a more d e t a i l e d 
d i s c u s s i o n o f t h e r e a l numbers s e e , f o r i n s t a n c e , L a n d a u [ 8 ] . 
P r o p e r t i e s o f t h e R e a l Number S y s t e m 
1. B e t w e e n a n y two d i s t i n c t r e a l n u m b e r s , t h e r e i s a n o t h e r r e a l 
n u m b e r , 
2. F o r a n y r e a l number a , t h e r e i s a n o t h e r r e a l number b 
s u c h t h a t a < b . 
3. A m e a s u r e o f d i s t a n c e b e t w e e n two r e a l numbers a and b i s 
g i v e n b y 
d ( a , b ) = | a - b | . 
F o r a n y s e t of r e a l numbers a , b and c t h i s m e a s u r e o f d i s t a n c e 
s a t i s f i e s 
( i ) d ( a , b ) > 0 
( i i ) d ( a , b ) =: 0 i f and o n l y i f a = b 
2 
( i i i ) d ( a , b ) = d ( b , a) 
( i v ) d ( a , b ) < d ( a , c ) + d ( c , b ) . 
The two b a s i c o p e r a t i o n s , a d d i t i o n and m u l t i p l i c a t i o n , which are d e f i n e d 
on the r e a l numbers, s a t i s f y 
4 . A d d i t i o n . 
( i ) Every two r e a l numbers, x and y , have a unique sum x + y . 
( i i ) The commutat ive law h o l d s . That i s , i f x and y are any 
r e a l numbers, x + y = y + x . 
( i i i ) The a s s o c i a t i v e law h o l d s . That i s , i f x , y , and z a re 
any r e a l numbers, (x + y ) + z = x + ( y + z ) . 
( i v ) There e x i s t s a unique r e a l number 0 such t ha t f o r any 
r e a l number x , x + 0 = x . 
( v ) C o r r e s p o n d i n g t o any r e a l number x t h e r e e x i s t s a unique 
r e a l number - x such t ha t x + ( - x ) = 0 . 
5. M u l t i p l i c a t i o n , 
( i ) Every two r e a l numbers, x and y , have a unique p r o d u c t 
x • y . 
( i i ) The commutat ive law h o l d s . That i s , i f x and y are any 
r e a l numbers, x • y = y • x . 
( i i i ) The a s s o c i a t i v e law h o l d s . That i s , i f x, y , and z a re 
any r e a l numbers, ( x • y ) • z = x • ( y • z ) . 
( i v ) There e x i s t s a unique r e a l number 1 / 0 such tha t f o r any 
r e a l number x , x • 1 = x . 
( v ) C o r r e s p o n d i n g t o e v e r y r e a l number x £ 0 t h e r e e x i s t s a 
un ique r e a l number x * such t h a t x • x ^ = 1. 
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6. D i s t r i b u t i v e Law 
I f x , y , and z a re any r e a l numbers, x • ( y + z) = x • y + x • y . 
Le t R d e n o t e the s e t o f a l l r e a l numbers and l e t R* H a l l 
x e R | x -F O F . P r o p e r t y 4 i m p l i e s t ha t | R , +} i s an A b e l i a n g r o u p . 
P r o p e r t y 5 s t a t e s t ha t i s an A b e l i a n g r o u p . P r o p e r t i e s 4 , 5 , 
and 6 t o g e t h e r imply tha t the r e a l number sys tem, | R , + , * J , i s a 
f i e l d . 
B. F l o a t i n g P o i n t Number System 
In making numer ica l c a l c u l a t i o n s e i t h e r by hand o r w i th the a id o f 
an e l e c t r o n i c compute r , p r a c t i c a l i t y d i c t a t e s t ha t o n l y a f i n i t e subse t 
o f the r e a l numbers be used . In t h i s s e c t i o n c e r t a i n s u b s e t s which are 
used f o r c o m p u t a t i o n a l pu rposes in d i g i t a l computers w i l l be d e f i n e d 
and d i s c u s s e d . 
In most e l e c t r o n i c computers used f o r s c i e n t i f i c c o m p u t a t i o n , num­
b e r s a re r e p r e s e n t e d in the computer by a sequence o f d i g i t s and an e x p o ­
n e n t . The a l l o w a b l e number o f d i g i t s and the l i m i t s on the exponent a re 
de te rmined by the p a r t i c u l a r computer word l e n g t h . These numbers are 
c a l l e d f l o a t i n g p o i n t numbers. 
D e f i n i t i o n 1 . 1 ; F l o a t i n g P o i n t Number. Let M, L , U, and p be 
g i v e n i n t e g e r s such tha t L < U and p > 1. A f l o a t i n g p o i n t number 
i s a r e a l number o f the form ± \ / ^ p Jp , where d^ and e 
\ i = l / 
a r e i n t e g e r s such t h a t 0 < d^ < p and L < e < U. 
Q 
Thus a f l o a t i n g p o i n t number has the form.d • p , where d i s 
an M - d i g i t number, | d | < 1, and e i s r e s t r i c t e d t o c e r t a i n bounds . 
The word l e n g t h o f the p a r t i c u l a r computer would de te rmine the number o f 
4 
d i g i t s , M, and the exponent l i m i t s , L and U. 
As an i l l u s t r a t i o n , l e t F deno t e the s e t o f a l l f l o a t i n g p o i n t 
numbers f o r M = 4 , p = 10 , L = - 5 , and U = 5 . Then any member o f 
F i s o f the form 
e fdl d 2 d 3 d 4 \ e 
± • d d d d 4 1 0 6 = ± [ j i + - ^ + - ^ + _ i o e 
1 z J
 V u i o z i o J 1 0 / 
where d^ ( i = 1 , 2 , 3 , 4 ) and e a re i n t e g e r s which s a t i s f y 
0 < d i < 10 i = 1 , 2 , 3 , 4 
- 5 < e < 5 . 
T h i s f l o a t i n g p o i n t r e p r e s e n t a t i o n p o s s e s s e s a number o f t r o u b l e ­
some p r o p e r t i e s . One such p r o p e r t y i s t ha t t h e r e e x i s t s o n l y a f i n i t e 
number o f such f l o a t i n g p o i n t numbers. In f a c t , t h e r e are fewer than 
4 
10 • 9 
- - 4 
such numbers in F, the l a r g e s t such number i n F be ing .9999 0 10 , 
- 4 
w h i l e the s m a l l e s t p o s i t i v e number i s .0001 • 10 . A l s o , the spac ing 
between two a d j a c e n t f l o a t i n g p o i n t numbers i n c r e a s e s as the exponent 




d ( A , A' ) = |A - A' 
. i c r y 
e -4 
= 10 
Thus the c o l l e c t i o n F o f f l o a t i n g p o i n t numbers d o e s no t s a t i s f y P r o p e r ­
t i e s 1 and 2 o f r e a l numbers. 
Another t roubLesome p r o p e r t y o f F i s t ha t r e a l numbers do not 
have a unique r e p r e s e n t a t i o n in F. For example , the r e a l number . 5 
appea r s as fou r d i s t i n c t e lements o f F. They are 
.5000 • 1 0 ° , . 0 5 0 0 • 1 0 1 , . 0050 • 1 0 2 , and .0005 • 1 0 3 . 
An even more u n d e s i r a b l e o c c u r r e n c e i s tha t the r e a l number z e r o co r r e sponds 
t o a t o t a l o f n ine e lements o f F, 
. 0 0 0 0 • 1 0 ' 4 , . 0000 • 1 0 " 3 , , . 0000 • 1 0 3 , and .0000 • 1 0 4 . 
When two M - d i g i t numbers a re added, the r e s u l t may not be an M-
d i g i t number. T h e r e f o r e , i n d e a l i n g wi th f l o a t i n g p o i n t numbers, a pseudo 
a d d i t i o n w i l l be d e f i n e d in such a manner tha t the pseudo sum o f two 
M - d i g i t numbers w i l l aga in be an M - d i g i t number. The pseudo o p e r a t i o n 
w i l l be i n d i c a t e d by an a s t e r i s k s u p e r s c r i p t showing t r u n c a t i o n o f the 
number o f d i g i t s a t VI. An r s u b s c r i p t b e l o w the a s t e r i s k , when i t 
a p p e a r s , w i l l i n d i c a t e rounding has o c c u r r e d by the a d d i t i o n o f p / 2 
( w i t h the same s i g n as the term b e i n g rounded) p r i o r t o the t r u n c a t i o n . 
The n o t a t i o n he re i s the same as t ha t used by Househo lde r [ 6 ] and Carr [ 3 ] . 
Le t F be the s e t o f a l l f l o a t i n g p o i n t numbers f o r g i v e n i n t e g e r s 
M, p , L, and U. Now f l o a t i n g p o i n t a d d i t i o n and m u l t i p l i c a t i o n w i l l 
6 
b e d e f i n e d . 
e l 
D e f i n i t i o n 1 .2 ; Psuedo A d d i t i o n . Le t A, B e F such tha t A = a p , 
B = bp , and e^ > e ^ . The o p e r a t i o n o f pseudo a d d i t i o n , ( J ) , i s 
d e f i n e d : 
e —e # 
( i ) I f | (ap 1 2 ) r + b | < 1, then 
e , - e « . » - i e 2 
A C+) B = I (a p 1 2 ) r + b p 
( i i ) I f | ( a p 1 2 ) p + b | > 1 and e 2 < U - 1, then 
A (+) B = 
e i - e 0 - 1 * _ 1 * "l e o + 1 
( a p 1 2 ) r + (bp 1 ) r ] p 2 
e , - e 2 * 
( i i i ) I f | ( ap 1 ) + b | > 1 and e = U - 1, then 
r 
A (+) B i s no t d e f i n e d . 
D e f i n i t i o n 1 . 3 ; Pseudo M u l t i p l i c a t i o n . Le t A, B e F such tha t A = ap 
e 2 
and B = bp . The o p e r a t i o n o f pseudo m u l t i p l i c a t i o n , (x) , i s d e f i n e d : 
( i ) I f L < ex + e 2 < U, then 
* e + e 
A ® B = (a • b ) r p 1 2 . 
( i i ) I f e^ + e 2 < L o r e^ + e 2 > U, then 
A (x) B i s no t d e f i n e d . 
D e f i n i t i o n 1 . 4 : F l o a t i n g P o i n t Number System. Le t F be the s e t o f a l l 
f l o a t i n g p o i n t numbers f o r g i v e n i n t e g e r s M, p , L and U and l e t 0 
and ® be the o p e r a t i o n s as d e f i n e d in D e f i n i t i o n s 1.2 and 1.3 r e s p e c ­
t i v e l y . Then the system J F , © , (x^ w i l l be c a l l e d a f l o a t i n g p o i n t 
number sys t em. 
e l 
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Pseudo a d d i t i o n and pseudo m u l t i p l i c a t i o n are not d e f i n e d f o r a l l 
e l emen t s o f F s i n c e the o p e r a t i o n s may p roduce M - d i g i t numbers whose 
e x p o n e n t s l i e o u t s i d e the bounded l i m i t s . Thus the f l o a t i n g p o i n t number 
system ^F, (+), (x)j i s no t c l o s e d under pseudo a d d i t i o n o r pseudo 
m u l t i p l i c a t i o n . 
To fu r the r i l l u s t r a t e some o f the d i f f i c u l t i e s i n d e a l i n g wi th a 
f l o a t i n g p o i n t number sys tem, c o n s i d e r the system { F, © , ® j , where 
a g a i n F w i l l d e n o t e the se t o f a l l f l o a t i n g p o i n t numbers f o r M = 4 , 
p = 1 0 , L = - 5 , and U = 5 . I t was shown e a r l i e r t ha t a r e a l number 
c o u l d c o r r e s p o n d t o s e v e r a l e l ements i n F and tha t each member o f F 
was a r e p r e s e n t a t i o n o f a r e a l number. 
R 
9 ( f x ) 
9 ( f 2 ) 
<p(fj © f 2 ) 
F igure 1. I l l u s t r a t i o n o f Tex t , 
I f one adds d i f f e r e n t f l o a t i n g p o i n t r e p r e s e n t a t i o n s o f the same 
r e a l number t o ano the r f l o a t i n g p o i n t number, then one c o u l d o b t a i n 
f l o a t i n g p o i n t numbers which c o r r e s p o n d t o d i f f e r e n t r e a l numbers. That 
i s , i f <p i s the mapping o f F i n t o R so t ha t a f l o a t i n g p o i n t number 
8 
maps i n t o the r e a l number which i t r e p r e s e n t s , then 
cp(f 1 © f 2 ) and cp( f 1 © f 3 ) 
need no t be equal even though 
q > ( f 2 ) = q>( f 3 ) . 
- 4 4 
For example , i f f 1 = . 5000 - 1 0 , f 2 = 0-10 and 
f 3 = 0 » 1 0 " 4 , then 
<p(f x © f 2 ) = q>(-5 0 1 ° ~ 4 © ° ° 1 ° 4 ) 
= < p ( [ ( . 5 • 1 0 ' 8 ) * + 0 ] • 1 0 4 ) 
= <p(0 + 0 ) 
= 0 
and 
© f 3 ) = <p(.5000 • 1 0 " 4 © 0 - 1 0 " 4 ) 
= <p^[.5000 + . 0 0 0 0 ] • 1 0 " 4 j 
= <p(.5 • 1 0 ~ 4 ) 
- 4 
= . 5 • 10 H . 
I t has been shown by means o f examples t ha t a f l o a t i n g p o i n t 
number system has many t r o u b l e s o m e p r o p e r t i e s . S i n c e ^F , © , (x)j i s 
no t c l o s e d under p s e j d o a d d i t i o n o r pseudo m u l t i p l i c a t i o n , i t cannot be 
a f i e l d . I t i s o f i n t e r e s t , however , t o de te rmine j u s t what p r o p e r t i e s 
t h e f l o a t i n g p o i n t number system d o e s have . 
Theorem 1 .5 ; Le t A, B e F. I f A © B e F, then A © B = B- © A. 
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and 
P r o o f . Obv ious frorr D e f i n i t i o n 1 . 3 . 
Theorem 1 .6 : Let A, B e F. I f A (x) B e F, then A (x) 3 = B (x) A. 
P r o o f : O b v i o u s from D e f i n i t i o n 1 . 4 . 
Thus pseudo a d d i t i o n and pseudo m u l t i p l i c a t i o n a re commutative 
o p e r a t i o n s when they are d e f i n e d . However, the two o p e r a t i o n s a re 
no t a s s o c i a t i v e as w i l l be i l l u s t r a t e d by the next two examples . For 
the next t h r e e examples F w i l l aga in deno t e the s e t o f a l l f l o a t i n g 
p o i n t numbers f o r M = 4 , p = 1 0 , L = - 5 , and U = 5 . 
Example 1 .7 : ( A d d i t i o n i s n o n - a s s o c i a t i v e ) . Le t A = .4004 x 1 0 ° , 
B = .3003 x 1 0 ° , and C = .8008 x 1 0 1 . 
Then 
A © (B © C) = .4004 x 10° © ( . 3 0 0 3 x 10° © . 8 0 0 8 x 1 0 1 ) 
= .4004 x 10° © [ ( . 0 3 0 0 3 ) * + . 8 0 0 8 ] x 1 0 1 
= .4004 x 10° © ( . 0 3 0 0 + . 8008) x 1 0 1 
= .4004 x 10° + ( .8308 x 1 0 1 ) 
= [ ( . 0 4 0 0 4 ) * + . 8 3 0 8 ] x 1 0 1 
= ( . 0 4 0 0 + . 8308) x 1 0 1 
= .8708 x 1 0 1 
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(A © B) © C = [ . 4 0 0 4 x 10° © .3003 x 1 0 ° ] © ( . 8 0 0 8 ) x 10 
= .7007 x 10° © ( . 8 0 0 8 ) x 1 0 1 
= [ ( . 0 7 0 0 7 ) * + . 8 0 0 8 ] x 1 0 1 
= ( .0701 + . 8008) x 1 0 1 
= .8709 x 1 0 1 . 
Thus A © (B © C) e F and (A © B) © C e F but A © (B © C) / ( A ® B ) ® C. 
Example 1 . 8 : ( M u l t i p l i c a t i o n i s n o n - a s s o c i a t i v e ) . 
L e t A = .5004 x 1 0 ° , B = .4004 x 1 0 ° , and C = .8008 x 1 0 ° . 
Then 
A (x) (B (x) C) = .5004 x 10° ® ( . 4 0 0 4 x 10° ® .8008 x 10°) 
= .5004 x 10° ® ( . 3 2 0 6 4 0 3 2 ) * x 10° 
= .5004 x 10° ® 3 2 0 6 x 10° 
= ( . 1 6 0 4 2 8 2 4 ) * x 10° 
= .1604 x 10° 
and 
(A ® B) (x) C = ( . 5 0 0 4 x 10° ® .4004 x 10°) ® .8008 x 10° 
= ( . 2 0 0 3 6 0 1 6 ) * x 10° ® .8008 x 10° 
= .2004 x 10° ® .8008 x 10° 
= ( . 1 6 0 4 8 0 3 2 ) * x 10° 
= .1605 x 10° . 
Thus (A ® B) ® C e F and A ® (B ® C) e F but (A ® B) ® C / A ® (B ® C ) . 
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The nex t example w i l l show tha t the f l o a t i n g p o i n t number system 
d o e s no t p o s s e s s a d i s t r i b u t i v e law. 
Example 1 .9 : Let A = .9009 x 1 0 ° , B = ,1234 x 1 0 ° , and C = .2345 x 1 0 ° . 
Then A (xj ( B © C ) = .9009 x 10° (x) ( . 1 2 3 4 x 10° © .2345 x 1 0 ° ) 
= .9009 x 10° vx- . 3579 x 10° 
= ( . 3 2 2 4 3 2 1 1 ) * x 10° 
= .3224 x 10° 
and 
(A (x) B ) © (A (x) C ) = ( . 9 0 0 9 x 10° (x) . 1234 x 1 0 ° ) © 
( . 9 0 0 9 x 10° (x) . 2345 x 10° ) 
= ( . 1 1 1 1 7 1 0 6 ) * x 10° © ( . 2 1 1 2 6 1 0 5 ) * x 10° 
= . 1 1 1 2 x 10° © ) .2113 x 10° 
= .3225 x 10° . 
Hence A {x) ( B © C ) e F and (A
 vx, B ) (A x C ) e F , but 
A ix, (B © C ) ^ (A .'x B ) © ' (A (x; C ) . 
I t has been shown tha t the r e a l number z e r o d o e s no t have a unique 
r e p r e s e n t a t i o n in f l o a t i n g p o i n t . However, the system { F , <+.)} does have 
a unique i d e n t i t y , as w i l l be shown i n the next theorem. 
Theorem 1 . 1 0 : The system | F , © j has a unique i d e n t i t y e l emen t , 0 • 
P r o o f : 
e 
Le t A = ap e F . Then e > L + 1 and 
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e > ; + a ] p e 
= ( 0 + a) p e 
ap6 
A l s o , 
0 * P L + 1 © A = A © 0 • p L + 1 
A , 
L+l f r~-') 
Thus 0 • p i s an i d e n t i t y f o r ^F , . 
To show u n i q u e n e s s , assume tha t t h e r e i s an element B e F such 
t h a t 
A © B = A f o r a l l A e F . 
Then 
0 • p 1 " 1 ' 1 © B = 0 • p L + 1 s i n c e 0 • p L + 1 e F 
and 
0 9 p L + 1 © B = B s i n c e 0 • p L + 1 i s an i d e n t i t y f o r F, 
Hence 
B - 0 • p L + 1 . 
S i n c e z e r o d o e s no t have a unique r e p r e s e n t a t i o n in the f l o a t i n g 
p o i n t number sys t em, each e lement o f t does not have a pseudo a d d i t i v e 
e 
i n v e r s e . For example , i f A = ap , where e > L f i , then 
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A © ( - A ) = 0 • P6 , 
e L+l but 0 • p i s no t the a d d i t i v e IDENTITY, 0 8 p 
The r e a l number one a l s o HAS MANY r e p r e s e n t a t i o n s in the f l o a t i n g 
p o i n t number sys tem. However, none o f r e p r e s e n t a t i o n s o f one i s an 
i d e n t i t y f o r ^F , (x)j- as i s shown in the next example . 
Example 1 . 1 1 ; Le t A = .4321 9 10° BE A member o f F. Then 
A ® ( . 1 0 0 0 ) • 1 0 1 = [ ( . 4 3 2 1 ) ( . 1 0 0 0 ) ] * • 10 0+1 
( . 0 4 3 2 1 ) * ' 1 0 1 
( . 0 4 3 2 ) • 1 0 1 . 
S i m i l a r l y , 
A (x) ( . 0 1 0 0 ) • 1 0 2 = ( . 0 0 4 3 ) ' 1 0 2 , 
A (x) ( . 0 0 1 0 ) • 1 0 3 = ( . 0 0 0 4 ) • 1 0 3 , and 
A fx) ( . 0 0 0 1 ) • 1 0 4 --• ( . 0 0 0 0 ) • 1 0 4 . 
Thus none o f the r e p r e s e n t a t i o n s o f one i s an i d e n t i t y f o r F. 
In f a c t AF, © 1 does no t have an i d e n t i t y as w i l l be shown. Let 
A = ap 1 . I f B = bp 2 i s an i d e n t i t y f o r i*F, ( x ) j , t hen 
A © B = A o r 
e l + 6 2 . „ .
 ft
el 
(a • b ) r P x Z = A • P 
T h e r e f o r e , B must BE such t ha t 
(A • B) = A AND 
r 
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S i n c e | b | < 1 , t h e r e i s no B = b p 0 e F such tha t (a • b ) ^ = a f o r 
a l l A e F. Hence , the system j V , (x ) j d o e s no t have an i d e n t i t y . 
S i n c e a s e t o f f l o a t i n g p o i n t numbers i s a subse t o f the r e a l num­
b e r s , i t forms a m e t r i c space f o r the m e t r i c d ( x , y ) = | x - y | . However, 
i f t he f u n c t i o n p ( x , y ) were d e f i n e d t c be p ( x 5 y) = | x © - y | , then 
p i s n o t a m e t r i c on F. Th i s w i l l be shown i n the nex t example . 
Example 1 . 1 2 : (Lack o f T r i a n g l e L a w ) . Le t X, Y, and Z e F such 
t h a t X = o l 0 0 5 ° 1 0 1 , Y = - . 1 0 5 5 • 1 0 ° , and Z = - . 1 0 0 4 • 1 0 ° . Then 
| X © - Y| = | . 1 0 0 5 • 1 0 1 © . 1 0 5 5 • 1 0 ° | 
- [ ( . 0 1 0 5 5 ) * + . 1 0 0 5 ] * 1 0 1 
= ( . 0 1 0 6 + . 1 0 0 5 ) • 1 0 1 
- . 1 1 1 1 0 1 0 1 , 
| X © - Z | = | . 1 0 0 5 • 1 0 ® . 1 0 0 4 • 1 0 ° | 
= [ ( . 0 1 0 0 4 ) * + . 1 0 0 5 ] • 1 0 1 
= ( . 0 1 0 0 + . 1 0 0 5 ) • 1 0 1 
= . 1 1 0 5 • 1 0 1 , 
and 
| Z ® - Y| = | - . 1 0 0 4 • 1 0 ° ® . 1 0 5 5 • 1 0 ° | 
( - . 1 0 0 4 + e l 0 5 5 ) • 1 0 o 
0051 • 1 0 ° 
Then 
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| X ® - Z | ® | Z ® - Y | = ( . 1 1 0 5 • l O ^ O t . O O o l • 10°) 
= [ ( . 0 0 0 5 1 ) * + . 1 1 0 5 ] • 1 0 1 
- ( . 0 0 0 5 + . 1105) a 1 0 1 
= .1110 8 1 0 1 
and 
IX © - Y| > |X © - Z | © |Z © - Y | . 
Thus d o e s no t have a t r i a n g l e law. 
To summarize some o f the p r o p e r t i e s ( o r l a c k o f p r o p e r t i e s ) o f the 
f l o a t i n g p o i n t number sys tem, i t was found tha t the c o l l e c t i o n o f f l o a t i n g 
p o i n t numbers i s a f i n i t e c o l l e c t i o n w i th the spac ing between a d j a c e n t 
numbers i n c r e a s i n g w i t h t h e e x p o n e n t . Some r e a l numbers have many r e p r e ­
s e n t a t i o n s in the c o l l e c t i o n which p roduced some t r o u b l e s o m e r e s u l t s . I t 
was seen t ha t the system was no t c l o s e d under pseudo a d d i t i o n o r pseudo 
m u l t i p l i c a t i o n . The pseudo o p e r a t i o n s were found t o be commutative when 
d e f i n e d , but no t a s s o c i a t i v e o r d i s t r i b u t i v e . Even though the system has 
a unique a d d i t i v e i d e n t i t y , t h e r e are some members o f t h i s f l o a t i n g p o i n t 
number system which do no t have an a d d i t i v e i n v e r s e . T h i s system has no 
m u l t i p l i c a t i v e i d e n t i t y . 
A v a r i a t i o n o f the f l o a t i n g p o i n t number system o f the p r e c e d i n g 
s e c t i o n i s used in a number o f d i g i t a l compu te r s . In t h i s v a r i a t i o n , a l l 
f l o a t i n g p o i n t numbers e x c e p t z e r o have a nonzero l e a d i n g d i g i t in the 
f r a c t i o n a l p a r t . S p e c i a l c o n v e n t i o n s a re adopted t o c o v e r the ca se o f 
z e r o . In the r e s u l t i n g system a maximum number o f s i g n i f i c a n t d i g i t s a re 
C. Normal ized F l o a t i n g P o i n t Number System 
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r e t a i n e d a t each stcige o f c a l c u l a t i o n . Th i s system w i l l be c a l l e d a 
n o r m a l i z e d f l o a t i n g p o i n t number system,, The no rma l i zed system w i l l be 
d e f i n e d and examined in t h i s s e c t i o n . 
D e f i n i t i o n 1 . 1 3 : Normal ized F l o a t i n g P o i n t Number. A norma l i zed f l o a t -
e — 1 • j 
i ng p o i n t number i s a f l o a t i n g p o i n t number d • p such t ha t p < | d | < l 
o r i s t he f l o a t i n g p o i n t number 0 • p ° . 
In t h i s no rma l i zed sys tem, a f t e r each pseudo o p e r a t i o n which 
p r o d u c e s a z e r o in the f i r s t d i g i t o f the f r a c t i o n a l p a r t , the number i s 
n o r m a l i z e d o r s h i f t e d u n t i l the f i r s t d i g i t i s d i f f e r e n t from z e r o . I f 
t h e f r a c t i o n a l p a r t i s z e r o , then the exponent i s s e t t o z e r o a l s o . S i n c e 
z e r o has t o be c o n s i d e r e d as a s p e c i a l case i n a no rma l i zed sys tem, the 
r e p r e s e n t a t i o n o f z e r o on some machines may d i f f e r from the one g i v e n 
h e r e . 
As an i l l u s t r a t i o n , l e t R, deno t e the se t o f a l l no rma l i zed 
f l o a t i n g p o i n t numbers f o r M = 4 , p - 1 0 , L - - 5 , and U = 5 . Then 
any member o f R. o t h e r than z e r o i s o f the form 
N 
where d„ ( i = 1 , 2 , 3 , 4 ) and e a re i n t e g e r s which s a t i s f y 
1 < d. < 10 
0 < di < 10 i = 2 , 3 , 4 
- 5 < e < 5 
Z e r o has the form ( O / l O + 0 / l 0 2 + 0 / l 0 3 + O / l O 4 ) ' 10° . 
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Note t h a t CZ F , and tha t the l a r g e s t e lement o f F^, 
4 -
. 9 9 9 9 0 1 0 , i s t he same as t ha t o f F» However, the s m a l l e s t 
- - 4 
p o s i t i v e e lement o f F^, . 1 0 0 0 ° 10 , i s l a r g e r than the s m a l l e s t 
p o s i t i v e e lement o f F, . 0 0 0 1 • 10 \ , Hence t h e r e are fewer members 
o f F^ near z e r o than t h e r e were o f F„ 
I t was seen t h a t r e a l numbers do not have a unique r e p r e s e n t a t i o n 
i n F. T h i s i s no t the ca se f o r F... I f r i s a f o u r d i g i t r e a l number 
- 5 5 -
such t ha t 1 0 < r < 1 0 , then r has a unique r e p r e s e n t a t i o n in F^, 
I t i s i n t e r e s t i n g t o no t e the spac ing o f the members o f F^. 
S i n c e U - 5 and I, = - 5 , the number o f members o f F„. i n the i n t e r v a l 
' N 
( 0 , . 1 ) i s t he same as the number in the i n t e r v a l ( 1 , ° ° ) . Thus the 
d i s t a n c e between two members o f F^ i n c r e a s e s as the exponent i n c r e a s e s , 
a s was t r ue f o r the s e t F c However, the " r e l a t i v e s p a c i n g " o f two 
a d j a c e n t members o f F^ does no t i n c r e a s e . That i s , i f 
/a a a a \ 
A =
 l l 0 + 2 + 3 + ^ 4 a n d 
V u i r r i o J i o / 
/ a a a (a - 1 ) \ 
A
'
= l T 0 + 2 + 1 0 6 ' 
V i o i o i o / 
th en 
A - A1 
( - - • ) ' i o ' 
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i o e i o e 
= i o " 4 
(A - A' I 




The pseudo o p e r a t i o n s f o r the no rma l i zed system are n e c e s s a r i l y 
more i n v o l v e d than t h o s e o f the non -no rma l i zed system s i n c e s h i f t i n g o f 
t he f r a c t i o n a l p a r t has t o be cons ide red , . However, when t he numbers a re 
i n the no rma l i zed form and no shifting o c c u r s , the d e f i n i t i o n s f o r the 
n o r m a l i z e d and non -no rma l i zed o p e r a t i o n s are e q u i v a l e n t . 
Le t F^ be t he s e t o f a l l normalized f l o a t i n g p o i n t numbers f o r 
g i v e n i n t e g e r s M, p, L , and U. The pseudo o p e r a t i o n s o f e l ements 
o f FkT w i l l now be d e f i n e d . 
N 
e l 
D e f i n i t i o n 1 . 1 4 : Pseudo Addi t ion , , L e t A, B e F^ such t ha t A = ap , 
B = bp , and > e ^ . The o p e r a t i o n o f pseudo a d d i t i o n , © , i s 
d e f i n e d f o r no rma l i zed f l o a t i n g p o i n t numbers as f o l l o w s : 
( i ) I f p"1 < | ( a p 6 1 6 2 ) + b | < 1, a ^ 0, and b £ 0, then 
A © B = [(apVe2)r* + b ] p62 . 
( i i ) I f | ( a p 1 2) + b | > 1 and e 2 + 1 < U, then 
e -e -1 * , *
 e +1 
A © B = [ ( a p 1 2 ) r + ( b p " 1 ) r ]p 2 . 
I f e2+\ ^ u , A © 3 i s no t d e f i n e d o 
( i i i ) I f 0 < | ( a p & 1 2 ) * + b | < p"1 and e 2 + [ l o g ^ \.a | ] + 1 > L , 
.®B.(,-h -1) p e 2 + t logP |a'3 + 1 
where the b r a c k e t s i n d i c a t e " the greatest i n t e g e r l e s s than o r equal t o " 
e,-e0 * 
and d = (ap 1 ) + b . 
I f e... + f l o g |cf |J + 1 < L s then -A © B i s n o t d e f i n e d o 
z p 
19 
( i v ) I f (AP 1 z ) t + b = 0 , then 
A © B = 0 • p ° . 
( v ) I f A = 0 • P ° then 
A © B = B . 
D e f i n i t i o n 1 . 1 5 ; Pseudo M u l t i p l i c a t i o n . Let A, B e such tha t 
E L e 9 ^ A = AP and B = BP . The o p e r a t i o n o f pseudo m u l t i p l i c a t i o n , ( x ) , 
i s d e f i n e d f o r no rma l i zed f l o a t i n g p o i n t numbers as f o l l o w s : 
( i ) I f A / 0 , B ^ 0 , e x + e 2 + [ l o g p |a • b | J + 1 < U , 
and E L + e 2 + ^ L O 9 P l a ' B L L + 1 > L > 
t hen 
- [ l o g J a * b | ] - 1 » e + e + [ l o g |a - b I J + l 
A (x) B = (a " BP P ) R P 1 1 P 
I f e x + e 2 + ( l o g |a ' b | J + 1 > U o r e x + e 2 + £ l o g p |a • b | ] + 1 < L , 
then A (x) B i s no t d e f i n e d . 
( i i ) I f A = 0 ° P ° o r B = 0 • P ° , then 
A © B = 0 0 P ° » 
D e f i n i t i o n 1 a 1 6 s Normal ized F l o a t i n g P o i n t Number Sys tem. Let F^ be 
a s e t o f n o r m a l i z e d f l o a t i n g p o i n t numbers and ©) and (x) be the 
o p e r a t i o n s d e f i n e d i n D e f i n i t i o n s 1.14 and l o ! 5 , r e s p e c t i v e l y . The s y s ­
tem {FJJJ © • ® } w i l l be c a l l e d a no rma l i zed f l o a t i n g p o i n t number 
sy s t em. 
Theorem 1.17s I f A © B e F and i f A (x) B e F , then A © B = B © A 
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and A (x) B = B (x) A. 
P r o o f : T h i s i s o b v i o u s from D e f i n i t i o n s 1.14 and 1 . 1 5 . 
The sys tems | f ^ , © | and \¥^, ( x ) | a r e no t a s s o c i a t i v e and 
® 9 ® } d o e s no t p o s s e s s a d i s t r i b u t i v e l aw. Examples 1 .7 , 1 .8 , and 
1 . 9 , which app ly t o | f ^ ©, ®j s i n c e the numbers were i n t he normal i zed 
form and no s h i f t i n g o c c u r r e d , i l l u s t r a t e the l a c k o f t h e s e p r o p e r t i e s . 
Theorem 1 . 1 8 : The system ^ F ^ , © } has an i d e n t i t y e l e m e n t , 0 • p ° . 
P r o o f : Le t A e F^. Then by D e f i n i t i o n 1 .14 , 
A © 0 • p ° = A 
Theorem 1 . 1 9 : The i d e n t i t y o f Theorem 1.18 i s u n i q u e . 
P r o o f : Assume t ha t t h e r e i s an e lement A e R. such tha t N 
A © B = B f o r a l l B e F. 
Then 
A © 0 * p ° = 0 ° {3° s i n c e 0 • p ° e R , . 
But 
A © 0 9 {3° = A by Theorem 1.18 
Hence 
A = 0 
Theorem 1 . 2 0 : Every e lement o f F^ has an a d d i t i v e i n v e r s e e lement 
i n F „ . 
P r o o f : 
Le t A = a B 6 . I f A e R. then -A e R. and 
r
 N N 
A © ( -A) = a p e © - a p e 
= [ ( a ) * + (-a)] p' 
= [ a + (-a)] f 
= 0 • p ° . 
The a d d i t i v e i n v e r s e i s no t necessarily un ique , however , 
n e x t example shows t h a t an e lement could have s e v e r a l i n v e r s e s * 
Example 1.21g Le t A, B e such t h a t A = .9999 • 10° and 
B = - . 1 0 0 0 * 1 0 1 . Then 
A © B = [ ( . 0 9 9 9 9 ) * + ( - . 1 0 0 0 ) ] • 1 0 1 
= [ ( . 0 9 9 9 9 + . 0 0 0 0 5 ) * + ( - . 1 0 0 0 ) ] • 1 0 1 
- [ ( , 1 0 0 0 4 ) * + ( - . 1 0 0 0 ) ] • 1 0 1 
= [ ( . 1 0 0 0 ) + ( - . 1 0 0 0 ) ] • 1 0 1 
1 
0 • 10 
0 • 10° 
Thus , B / -A and 
A © B = 0 0 10° o 
Theorem 1 . 2 2 ; I f L < 1, then the system (f^, (x)j has a unique 
i d e n t i t y e l e m e n t , p ^ ° p*o 
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P r o o f ; Le t A e such t ha t A = a p e . I f A = 0 • p ° , then 
A (x) p " 1 * p 1 = p " 1 • p 1 ® A 
= 0 • p ° 
= A . 
I f a / 0, then 
-1 1 / - i -£log f t | a o p ' ^ I J - IV e+l+£logJa-p 
A (x) p ° p = ((a 0 p )p r j r P P 1
 R - £ - 2 ] - l ) * R e+l+ | -2]+l 
= (a * p p y^ p 




A l s o 
p ' 1 • p 1 ® A = A (x) p " 1 • p 1 
= A 
Hence 
A ® p " 1 • P 1 = P" 1 • P 1 ,x) A 
= A , 
and p * • p i s an i d e n t i t y f o r | f ^ , ® | 
To show u n i q u e n e s s , assume t ha t t h e r e i s an e lement B e F^ such 




P " 1 ' P 1 ® B = P " 1 ° P 1 s i n c e p " 1 • p 1 e F 
p * • p* ® B = B s i n c e p * 9 p* i s an i d e n t i t y . 
Hence 
B «= p " 1 - P1 . 
Even though the system ® | has an i d e n t i t y , some e lements 
o f F^ do no t have a m u l t i p l i c a t i v e i n v e r s e as w i l l be shown. 
Example 1 . 2 3 : (Lack o f M u l t i p l i c a t i v e I n v e r s e ) . 
L e t A = . 9 9 9 9 » 1 0 ° , B = . 1 0 0 0 • 1 0 1 , and C = . 1 0 0 1 • 1 0 1 , 




A (x) B = ( o 9 9 9 9 9 1 0 ° ) ® ( . 1 0 0 0 • 1 0 1 ) 
, 9 9 9 9 • 1 0 ° 
and 
A ® C = ( . 9 9 9 9 • 1 0 ° ) ® ( . 1 0 0 1 • 1 0 1 ) 
( . 1 0 0 0 8 9 9 9 ) * 9 1 0 1 
r 
. 1 0 0 1 0 1 0 1 . 
Since F^ d o e s no t p o s s e s s P r o p e r t y 1 o f the r e a l numbers, t h e r e i s no 
- 1 1 
member o f F.. be tween elOOO ° 1 0 and
 o 1 0 0 1 ° 1 0 „ Thus t h e r e i s no N 
e lement A e F,, such t h a t 
N 
A ® A = a o o o " 1 0 1 
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As was t r ue wi th the f l o a t i n g p o i n t number sys tem, the normal i zed 
system d o e s no t p o s s e s s a t r i a n g l e l aw. Example 1 .12 a p p l i e d t o 
s h i f t i n g o c c u r r e d . 
L i k e the f l o a t i n g p o i n t number sys tem, the n o r m a l i z i n g f l o a t i n g 
p o i n t number system d o e s no t have d i s t r i b u t i v e , a s s o c i a t i v e , o r t r i a n g u ­
l a r l a w s . However , j n l i k e the f l o a t i n g p o i n t number sys t em, two d i s t i n c t 
n o r m a l i z e d f l o a t i n g p o i n t numbers cannot r e p r e s e n t the same r e a l number. 
There i s a c o n s t a n t " r e l a t i v e " spac ing between t h e s e numbers. The 
n o r m a l i z e d system p o s s e s s e s unique a d d i t i v e and m u l t i p l i c a t i v e i d e n t i t i e s . 
Each e lement has an a d d i t i v e i n v e r s e but the i n v e r s e i s not n e c e s s a r i l y 
u n i q u e . However some e lements do no t have a m u l t i p l i c a t i v e i n v e r s e . The 
pseudo o p e r a t i o n s aga in were found t o be commutative when d e f i n e d . 
s i n c e t he numbers were in the normal ized form and no 
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CHAPTER I I 
PSEUDO ARITHMEIIC OPERATIONS 
In Chapter I , a f l o a t i n g p o i n t number system and a normal i zed 
f l o a t i n g p o i n t number system were d e f i n e d and the a l g e b r a i c p r o p e r t i e s 
o f each examined. I t was seen t ha t the no rma l i zed system had more 
p r o p e r t i e s o f t he r e a l number system than d i d the non -no rma l i zed sys tem. 
The no rma l i zed system a l s o has the p r o p e r t y t ha t a maximum number o f 
s i g n i f i c a n t d i g i t s a re r e t a i n e d at each s t age o f compu ta t i on . However, 
t h e n o r m a l i z i n g p r o c e d u r e c o u l d i n t r o d u c e mean ing le s s d i g i t s i n t o the 
numbers and the number o f s i g n i f i c a n t d i g i t s i s not known a t the end o f 
c o m p u t a t i o n . For t h i s r e a s o n , t h e r e has been i n c r e a s i n g i n t e r e s t i n the 
f l o a t i n g p o i n t number sys tem. Carr [3 ] d i s c u s s e s t h i s " s i g n i f i c a n t " 
sys tem and d e r i v e s e r r o r bounds f o r the pseudo o p e r a t i o n s . Ashenhurst 
and M e t r o p o l i s [ l ] d e s c r i b e a v a r i a t i o n o f the system w h e r e i n the numbers 
a r e no t no rma l i zed e x c e p t where a b s o l u t e l y n e c e s s a r y . 
S i n c e the no rma l i zed f l o a t i n g p o i n t number system i s most o f t e n 
used i n d i g i t a l c o m p u t e r s , the remainder o f t h i s s tudy w i l l be d e v o t e d 
t o the no rma l i zed sys tem. In t h i s c h a p t e r , the pseudo o p e r a t i o n s o f the 
n o r m a l i z e d f l o a t i n g p o i n t number system w i l l be compared wi th the c o r r e ­
spond ing r e a l number o p e r a t i o n s . The purpose o f the compar i son i s t o 
e s t a b l i s h bounds on the e r r o r c r e a t e d by pe r fo rming pseudo o p e r a t i o n s 
i n l i e u o f r e a l number o p e r a t i o n s . 
e, e 
Theorem 2.1s Le t A, B e FN such t h a t A = ap , B = bp , and e > e . 
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A bound on the e r r o r gene ra t ed by pe r fo rming pseudo a d d i t i o n i n s t e a d o f 
r e a l number a d d i t i o n i s 
e +1 
| (A © B) - (A + B) | < 2 e p 2 , ( 2 . 1 ) 
where e = p / 2 . 
P r o o f : 
Case 1. p " 1 < | ( a p & 1 6 ' 2 ) + b | < 1 
—.—— ^ 
A © B = [ ( a p 6 1 6 2 ) * + b ] p 6 2 
Then 
A © B = [ ( a p * 1 6 2 + T|) + b ] p 9 2 
s t 
where - e < t| < e , t b e ing the maximum roundof f in the (M + 1) d i g i t 
o f t he f r a c t i o n a l p a r t . For pseudo a d d i t i o n as d e f i n e d i n Chapter I , 
e = P / 2 . I f pseudo a d d i t i o n had been d e f i n e d in such a manner t ha t 
t he f r a c t i o n a l p a r t was t r u n c a t e d a f t e r M d i g i t s w i t h o u t a l t e r i n g the 
M^*1 d i g i t i t s e l f , then e = p M . T h i s l a t t e r method i s used on some com­
p u t i n g machineso 
e i " e o . -i eo r e , - e 0 _ n e (A © B) - (A + B) = [ (ap 1 2 + t|) + b j p 2 - [ a p 1 2 +
 b j p ( 2 
T h e r e f o r e , 
= T) p 6 2 
i (A © B) - (A + 3 ) | < e p z o ( 2 . 2 ) 
Case 2< K a p 6 1 " * 2 ) * + b | > 1 
e , - e . - l * , *
 e +1 




 N I + BP + NJP -1 . " L e 2 + 1 
where 
- e < f|. < e 
- e < T| < e 
e - e -1 
1 2 (A © B ) - (A + B) = (ap 1 2
 + n^bf1 +T ] 2 )P 
T h e r e f o r e , 
+ bp 
e +1 
+ ^12)P 2 
| (A © B) - (A + B) | < 2 e p 2 
Case 3 . 0 < K a p 6 ! * 2 )* + b | < p " 1 
A © B = d p " ^ l 0 9 P ' ° ^ _ 1 p e 2 + C l o 9 p MJ+ 1 ^  
where 
e . - e * 
d = (ap 1 2 ) + b 
Then 
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- e -e # - [ l o g |* |J-1 e + [ l o g B ,o |J+1 
(A ® B) - (A + B) = [ ( a p 1 2 ) r + bjp P p 2 P 
- e e 
(ap 1 2 +
 b ) p - 2 
e , - e „ - | P e, - e 0 e (A © B ) - (A + B) = [ ( a p 1 2 ' + r|) + b jp 2 - (ap 1 2 +
 b ) p 2 
e 2 
- 1 P 
T h e r e f o r e , 
| ( A © B) - (A + B ) | < e p 6 2 . ( 2 . 4 ) 
e . - e 0 * 
Case 4 . (ap A ^ ) + b = 0 
A © B = 0 
= A + B 
and 
| (A © B) - (A + B) | = 0 . 
T h e r e f o r e , the maximum d i f f e r e n c e o c c u r s in Case 2 . That i s 
e +1 
| ( A © B) - (A + B ) | < 2ep 2 . 
Theorem 2 . 2 . The error bound o f Theorem 2.1 i s the s m a l l e s t bound tha t 
can be o b t a i n e d for pseudo a d d i t i o n . 
P r o o f . Le t A = [ 1 - p " 1 + ( p / 2 ) p " M ] p e and B = [ ( p - l ) p " 1 + ( p / 2 ) p " M ] p e . 
Then 
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A + B = [ l • ( j ) / 2 ) p - M + (p-l)p- 1+(p/2)p-M] P ' 
= (pp"1 + p p ' V 
- (p-1 + p-M)p e + 1 , 
and 
A 0 B - [ ( p - ^ + ( B / 2 ) p - i - M ) r + (CP-Dp"2 +(p/2)p" 1-M) r]p' 
• [(P" +(P/3P ' - 1 "" + P / 2 ) + ( ( p - l ) p _ 2 + ( p / 2 ) p - 1 " M + 
+ P " M / 2 ) ' ] p e + 1 
(p-2 + p - M + (p~i)p-2
 + p - V + 1 
(PP"2 + 2 p " M ) p e + 1 
- (p"1 + 2 p " M ) p e + 1 
T h e r e f o r e , 
| (A ® B) - (A + B) | = | (fT1 + 2 p ~ M ) p e + 1 - + p - M ) p e + 1 
= P"'M p e + 1 . 
But e = p ~ M / 2 , sc t ha t 
| (A © B) - (A + B) * 2 e p e + 1 . 
Thus the bound i s a c t u a l l y o b t a i n e d i n t h i s c a s e . 
e e 
Theorem 2 .3s Le t A , B E F n such t ha t A = ap 1 and B = bp 2 . A 
bound on the e r r : r gene ra t ed in pseudo m u l t i p l i c a t i o n i s 
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| (A ® B) - (A x B) | < e p * 1 " ^ 2 . ( 2 . 5 ) 
P r o o f : 
Case 1. A ^ 0 and B ^ 0* 
A ® B = ( a b p - 1 1 0 9 ? 1 ^ 1 3 " 1 ) ; p W E ^ I J + l 
- C l o g B | a b | J - l e x + e 2 + C l o g B | a b | l + l 
= (abp p + TJ )p p , 
where - c < f| < e . Then 
, _
 x , - [ l o g R j a b I J - l e , + e 2 + C l o g J a b | J + l 
(A ® B) - (A x B) = (abp P W + r,)p 1 2 P 
e +e 
- abp 1 2 
e x + e + [ l o g | a b | J + 1 
(A ® B) - (A x B) * f, p Z P 
Then 
e i + e 9 + t l o 9 f t | a b | J + 1 
| (A ® B) - (A x B) j < e p P . ( 2 . 6 ) 
Here e^ + e 2 + t l o 9 p i a b | ] + l i s the exponent o f the f i n a l r e s u l t ; so 
an e r r o r bound can be s t a t e d in terms o f the f i n a l p r o d u c t . 
S i n c e p " 1 < | a | < 1 and p " 1 < | b | < 1 , 
p " 2 < ] a b | < 1 and - 2 < l og^ | a b | < 0 
So 
- 2 < [ l o g ^ | a b j j < - 1 and 
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e1+e9+riogfl |ab|J+l e +e 
P < P e +e + [ l o g | a b | ] + l | (A (x) B) - (A x B) j < e(3 2 P 
e +e 
| ( A @ B ) - (A x B ) | < e p 1 2 
Case 2 . A = 0 o r B = 0 
A ® B = 0 
= A x B 
and 
| (A ® B) - (A x B) | = 0 . 
Hence a bound f o r the e r r o r w i l l be t ha t o f Case 1, 
e +e 
| (A ® B) - (A x B) | < e p 1 2 
Theorem 2 . 4 . The e r r o r bound o f Theorem 2 . 3 i s the s m a l l e s t bound 
t h a t can be o b t a i n e d f o r pseudo m u l t i p l i c a t i o n . 
-1 , _ M e-i _ 1 _\J e^ 
P r o o f : Le t A = [ ( p - L ) p + ( p / 2 ) p ]p and B = [ ( p - l ) p + Op lp . 
-M -U - Ki[(P-DP'Vp/2)p-MIH)P^  l] 
A ® B = | [ ( p - l ) p "+(P/2)P "'][ (P-1)B 
e +e + [ l o g „ | [ ( p - l ) p _ 1 + ( p / 2 ) p " M ] [ ( p - l ) p - 1 ] |J + 1 P P 
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A ® B = [(1-2 p' 
= [(p-2)p' 
= [(p-2)p" 
A x B = [ ( p - l ) p ' 
= [(p-2)p' 
+ 2 p - 2 + ( p / 2 ) ( p - l ) p - 1 - M ) p " ( - l ) - 1 + p - M / 2 
P 
+ 2 p " 2
 + P / 2 p - M ] p"1^2 . 
* e . + e -1+1 P 
+ -^2+(p-D/2p-M+P"M/2 
e ^ + e 2 
-M -1
 e l + e ? 
+ (p^p-nccp-Dp-^p 
0 +@ 
+ 2 p - 2 + ( p - l ) / 2 p " M l p 1 2 
Then 
(A © B ) - (A x B ) = [ ( p - 2 ) p " 1 + 2 p " 2 + ( p / 2 ) p - ' v l ] p 
-Mn„V62 
-1 . _ - 2 
- [(p-2)p-A+2p"N<p-l)/2 p'mJ p "Mi „ e l + e 2 
(A ® B) - (A x B) = [ ( p / 2 - { 3 - l ) / 2 ) y M p e i + e 2 
= ( p - M / 2 ) p V e 2 
e + e 
| (A ® B) - (A x B ) | = ( p " M / 2 ) p 1 2 
- ep 
e 1 + e 2 
Hence t he bound i s o b t a i n e d in t h i s p a r t i c u l a r case , 
In the r e a l number sys tem, the o p e r a t i o n s o f s u b t r a c t i o n and d i v i 
s i o n a re d e f i n e d in terms o f the b a s i c o p e r a t i o n s , a d d i t i o n and m u l t i p l i 
c a t i o n , and the i n v e r s e s o f the e l emen t s i n v o l v e d . I t was shown in 
Chapter I t h a t an e lement o f c o u l d have s e v e r a l a d d i t i v e i n v e r s e s . 
T h e r e f o r e , i t i s n e c e s s a r y t o d e f i n e pseudo s u b t r a c t i o n . 
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D e f i n i t i o n 2 . 5 ; Pseudo S u b t r a c t i o n . Le t A, B e F k T . I f A © - B e FK T, 
; J N N 
then pseudo s u b t r a c t i o n , 0 , i s d e f i n e d 
A 0 B = A © - B . 
I f A © - B $ F N , t hen A 0 B i s no t d e f i n e d . 
I t was shown in Chapter I t ha t A © - A = 0 • p° . Thus 
A 0 A = A @ - A 
= 0 ° p° , 
and a number pseudo s u b t r a c t e d from i t s e l f g i v e s the a d d i t i v e i d e n t i t y , 
0 - p° . 
S i n c e pseudo s u b t r a c t i o n i s d e f i n e d in terms o f pseudo a d d i t i o n , 
the e r r o r bounds o f Theorem 2 .1 app ly t o s u b t r a c t i o n . 
I t was shown in Chapter I t ha t some members o f F^ do not have a 
m u l t i p l i c a t i v e i n v e r s e . T h e r e f o r e pseudo d i v i s i o n w i l l have t o be 
d e f i n e d as a s p e c i a l D P E R A T I O N . The d e f i n i t i o n g i v e n w i l l be f o r a computer 
w i t h a s i n g l e l e n g t h accumula to r t o h o l d the q u o t i e n t . T h e r e f o r e , i t 
-M / 
would no t HAVE a v a i l a b l e an e x t r a p o s i t i o n in which t o add in p / 2 
b e f o r e the t runca t ion , , 
D e f i n i t i o n 2 . 6 : Pseudo D i v i s i o n . Let A, B e Fv, such t ha t , — , ,—• > M 
E L E 9 O ^ 
A = a p , B = b ° p , and B / 0 ° p . Pseudo d i v i s i o n , Q ) , i s 
d e f i n e d : 
( i ) I f p"1 < | ( a / b ) * | < I and e - e 2 < U 
and e . - e „ > L, then 
l Z 
A © B = (a/b) p * Q
e l ~ e 2 
34 
I f - e 2 > U o r - < L , then A Q) B i s no t d e f i n e d . 
( i i ) I f 0 < | ( a / b ) * | < fT1 and e ^ + [LOGFT | (a/b)* |] + 1 
< U and > L , then 
- F * -CLOGJ(A/B)*|J-LL Ert2+DOG | (A/b)*|J+L 
A 0 B = j(a/b)* p P / P P 
I f ex - e 2 + [log |(a/b)*|] + 1 > U OR < L, then A Q) B i s unde f ined , 
( i i i ) I f | ( a / b ) | > 1 and E1 - e 2 + 1 < U and > L, then 
^ I(ap ) ) e , - e +1 
A 0 B = ^ —g—V P • 
I f e^ ^ - e 2 + 1 > U o r < L, then A 0 B i s u n d e f i n e d , 
( i v ) I f ( a / b f = 0 , then 
A 0 B = 0 • p ° . 
el EO 
Theorem 2 . 7 . L e t A, B e such t h a t A = ap , B = bp , and 
b / 0 . A BOUND f o r t h e e r r o r i n pseudo d i v i s i o n i s 
| ( A © B) - ( A / B ) | < (p + 2 ) 6 p 6 1 6 2 + 1 . ( 2 . 7 ) 
P r o o f . 
Case 1. p ' 1 < | ( a / b ) * ' | < 1 
A © B * ( a / b ) * p 6 1 6 2 
* (a/B + t])p 
where -2e < n < 2e . 
el' e2 
e - e e - e 
(A © B) - (A/B) - (A/B 4- t,)p 1 2 - a / b p 1 2 
M P 1 ^ 
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and 
| (A 0 B) - A/BJ < 2e P e r e 2 
Case 2 . 0 < | ( a / b ) * | < p * 1 
A 0 B = J 
* - [ l o g . | ( a / b ) * |3-l l e - e + [ l o g | ( a / b ) * | J + l 
3 ) B P r B P ( a / b ) p 
"CLOGR | ( a / b ) * fl -L) e -E9+[LOG | ( a / b ) * | ] + 1 
» /b + F| )P P P 1 2 P 
where - 2 e < rj < 2 e . 
e - e e - e (A © B) - (A/B) = (a/b + TJ )p 1 2 - a /b p 1 2 
= I P 
e - G 
1 2 
| (A © B) + (A/B)|< 2 e p V 6 2 
Case 3 . I ( a / b ) | > 1 
A 0 B = 
(ap A ) r \ e -
' a p " 1 + f ] . \ e - e 9 + l 
u +1O P 
where - e < f| ^ < e 
- 2 e < f | 2 < 2 e 
Then 
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/ a p " 1 + fi, \ e . -e +1 e - e 
(A 0 B) - (A/B) = ( r l i + ^ l p 1 2 - a / b p 1 2 
e - e +1 
= (R^/b + R,2) P 
and 
| ( A © B) - (A/B) | < ( e / | b | + 2e)P E I ^ 
- l e . - e 2 + l 
< ( e / p 1 + 2e)P 1 2 
e , - e 9 + l 
< (EP + 2e)P 
e . - e +1 
| (A Qj B) - ( A / B ) | < (P+2)EP 
Case 4 . ( a / b ) * = 0 
1 * 
S i n c e | b | > p , ( a / b ) = 0 o n l y i f a = 0 and 
| (A © B) - (A/B) | = 0 - 0 
= 0 . 
e - e +1 e - e 
S i n c e (p+2) e p > 2 e p f o r a l l and e , the bound f o r 
pseudo d i v i s i o n would be t ha t o f Case 3 , 
e -e +1 
| ( A 0 B) - ( A / B ) | < (p+2) e p . 
In summary, the e r r o r bounds f o r the pseudo o p e r a t i o n s ares 
e 0 + l 
| (A © B) - (A+B) I < 2 e p z , 
e +e 
| ( A ® B) - ( A x B ) | < E P 1 2 , and 
I (A © B) - ( A / B ) ! < (P+2) E P E I " E 2 + 1 , 
where E = P~M/2 . 
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CHAPTER I I I 
ERRORS DUE TO THE ABSENCE OF ASSOCIATIVE 
AND DISTRIBUTIVE LAWS 
I t was shown in Chapter I t h a t pseudo a d d i t i o n and pseudo m u l t i ­
p l i c a t i o n are no t a s s o c i a t i v e . T h e r e f o r e , the o r d e r in which a sequence 
o f pseudo o p e r a t i o n s i s performed can make a d i f f e r e n c e in the gene ra t ed 
e r r o r o f the o p e r a t i o n s . In t h i s chap te r s e v e r a l sequences o f o p e r a t i o n s 
w i l l be examined t o de te rmine which o r d e r w i l l p roduce the s m a l l e s t 
e r r o r boundo Again the r e s u l t s w i l l be f o r a normal i zed f l o a t i n g p o i n t 
number sys t em. 
e l e 2 e 3 
Theorem 3 . 1 : Le t A = ap , B = bp , C = cp , and e^ < < e^ . 
The s m a l l e s t error bound i s o b t a i n e d f o r the pseudo a d d i t i o n o f A, B, 
and C by pe r fo rming the o p e r a t i o n s in the o r d e r (A © B) © C. 
P r o o f : 
| (A © B ) © C - (A+B+C)| = | ( A © B ) © C - [ ( A © B ) + C ] 
+ [ ( A © B) + C] - (A+B+C)| 
| (A © B) © C - (A+B+C) | < | ( A © B ) © C - [ ( A © B) + C ] | 
+ I (A © B) + C - (A+B+C) | . 
I f A © B = dp , then e < e 0 + I < e Q and by Equat ion 2 . 1 , 
e - + l 
I (A © B ) © C - [ ( A © B ) + C j | < 2 e p 3 
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and 
| [ ( A © B) - C] - ( A + B + C ) | = | ( A ® B ) - ( A + B ) | 
So 
6 2 + 1 
< 2e P 
e « + l e +1 
I (A © B) © C - (A+B+C) | < 2e P + 2e P 
e +1 e +1 
< 2 E (P J + P ^ ) 
e e 
< 2e P ( P 3 + P 2 ) . 
In a s i m i l a r manner, 
I (A © C) « ® B - (A+C+B) | < | ( A © C) ® B - [ ( A © C) + BJ 
+ | ( A © C) + B - (A+B+C) | . 
I f A © C = e p e , then e' < e 3 + 1 and by Equat ion 2 . 1 , 
e „ + 2 
j (A © C) © B - | (A © C) + BJ | < 2e P 
and 
| (A © C) +B - (A+B+C) | = | (A © C) - ( A + C ) | 
< 2e P 
So 
e +2 e +1 
| (A © C) © B - (A+B+C) | < 2e P 3 + 2e P 3 
e +1 
< 2e P (P + 1) . 
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A l s o , 
| ( B © C) © A - ( B + C + A ) | < |(B © C) © A - [ ( B © C) + A] | 
+ | ( B © C) + A - (B + C + A) | . 
I f B © C = f p e " , then e" < e 3 + 1 and 
| ( B © C) © A - [ ( B © C) + A] | < 2e ^ 3 + 2 
and 
e +2 
| (B © C) - (B + C) | < 2 e p 3 . 
So 
e_+2
 e +i 
I (B © C) © A - (B + C + A) | < 2 e p J + 2 e p 6 
e Q + l 
< 2 e p d (p + 1 ) . 
e e e +1 
S i n c e e 3 > e 2 , 2 e p (p 3 + p 2 ) < 2 e p 3 (p + 1 ) and the s m a l l e s t bound i s 
e e 
2 e p (p 3 + p 2 ) , which i s the bound f o r | (A © B) + C - (A + B + C) | . 
Thus the e r r o r bound f o r the pseudo a d d i t i o n o f t h r e e numbers 
depends on t he o r d e r of summation. I t i s s m a l l e s t i f the two numbers wi th 
t he s m a l l e s t exponen t s are added f i r s t s W i l k i n s o n [ 1 4 ] shows tha t the upper 
bound f o r the e r r o r i n summing a s e r i e s o f numbers i s s m a l l e s t i f the terms 
a re added i n o r d e r o f i n c r e a s i n g a b s o l u t e magni tude . Al though the upper 
bound i s s m a l l e s t , t he o r d e r d o e s no t n e c e s s a r i l y g i v e the s m a l l e s t e r r o r . 
However , i n d e t e r m i n i n g a p o l i c y t o f o l l o w in adding a s e r i e s o f num­
b e r s , t he b e s t p o l i c y would be t o add in o r d e r o f i n c r e a s i n g a b s o l u t e 
magn i tude . 
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e e e 
1 2 3 
Theorem 3 . 2 : Le t A = ap , B = p$ , and C = cp . Suppose fu r t he r 
t h a t |a | < | b | < J.,c | and (B ® C) ® A = d ^ ^ , (A ® C) © B = d ^ 8 
and (A ® B) ® C = d^p . I f e^ = e g = e c , then the s m a l l e s t e r r o r 
bound i s o b t a i n e d f o r the pseudo m u l t i p l i c a t i o n o f A, B, and C by 
pe r fo rming the o p e r a t i o n s in the o r d e r (B ® C) ® A. 
P r o o f : 
| (A ® B) ® C - A x B x C | < | ( A ® B ) ® C - ( A ® B ) x C | + 
+ | (A ® B) x C - (A x B x C) | . 
e 4 
By Equa t ion 2 . 6 , | (A ® B) ® C - (A ® B) x C| < e p , where e 4 i s 
t h e exponent o f the f i n a l p r o d u c t (A © B) © C. 
| (A ® B) x C - (A xB x C ) | = | C | | ( A ® B ) - ( A x B ) 
e +e 
< | C | e p 1 2 . 
T h e r e f o r e , 
S i m i l a r l y 
e e +e 
| (A © B) ® C - (A xB x C ) | < e p + | C | e p , 
e* e +e 
| (A ® C) ® B - ( A x B x C ) | < e p + | B | p 
and 
e" e +e 
| ( B ® C) ® A - ( A x B x C ) j < e p 4 + | A | p 2 3 , 
where e^  i s t he exponent of (A ® C) x) B and e^  is the exponent of 
(B ® C) ® Ao S i n c e it is asumed that e 4 = e^  = e^J , 
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e e . + e 
| (A ® B) ® C - (A xB x C ) | < e p + | C | e p 
e e +e 
| (A ® C) ® B - ( A x B x C ) | < e p 4 + | B | e p 1 3 , 
e e +e 
and | ( B ® C ) ® A - ( A x B x C ) | < e p 4 + | A | e p 2 3 
e + e 0 e
 e i + e 0 
C| e p 1 2 = ( | c | p 3 ) e p 1 2 
e +e +e 
= e p 1 2 3 | c | . 
e , + e e e . + e 
B | e p 1 3 = ( | b | p 2 ) e p 1 3 
e +e +e 
= c p 1 2 3 | b | . 
8 2 + e 3 „ , . e l , . 6 2 + e 3 A | e p 2 3 = ( | a | p X ) ep 
e.+e„+e, e p 1 2 3 |a[ . 
S i n c e i t i s assumed tha t | a | < | b | < | c | , 
e e , + e ^ + e e e .+e 0 +e 0 e . e .+e 9 +e-
e p 4 + | a | e p i * 3 < ep 4 + | b | e p 1 2 2 < ep + / c |ep 1 2 . 
Hence the bound o b t a i n e d by forming the p r o d u c t (B ® C) (x) A, 
e 4 el+e9+e3 
ep + | a | e p ^ , i s the s m a l l e s t . 
In pseudo m u l t i p l y i n g t h r e e f l o a t i n g p o i n t numbers, the s m a l l e s t 
e r r o r bound i s o b t a i n e d i f the two w i t h the l a r g e s t f r a c t i o n a l p a r t s are 
m u l t i p l i e d firstc In m u l t i p l y i n g a s e r i e s o f numbers, i t would not be 
known i n advance what the f r a c t i o n a l p a r t s o f the p a r t i a l p r o d u c t s w i l l 
b e . Therefore,, , no g e n e r a l method c o u l d be s t a t e d . However, i t appears 
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t h a t i t might be w e l l t o ar range the numbers in o r d e r o f the magnitude of 
t he f r a c t i o n a l p a r t s and t o m u l t i p l y them in t h i s o r d e r . 
The nex t p rob lem t o be encoun te red i s the absence o f a d i s t r i b u ­
t i v e law in the no rma l i zed f l o a t i n g p o i n t number sys tem. 
e l 6 2 e 3 Theorem 3 . 3 : L e t A = ap , B = bp , and C = cp , w i th e 3 > e^, 
/-> e 4 
I f B (+) C = dp , ian e r r o r bound f o r the sequence o f o p e r a t i o n s 
e +e e +1 
A © (B © C) i s ep 1 4 + / A | 2 e p 3 . 
P r o o f : 
|A ® (B © C) - A x (B + C) | < |A ® (B © C) - A x (B © C) | + 
+ |A x (B © C) - A x (B + C ) | • 
e +e 
By Equat ion 2 . 5 , \A ® (B © C) - A x (B © C) | < ep 1 4 . 
| A x (E © C) - A x ( B + C ) | = | A | |B © C - (B + C ) | 
_ e_+l 
and by Equat ion 2 . 1 , | (B © C) - (B + C ) | < 2ep 3 . Hence 
e +e e +1 
|A ® (B © C) - A x ( B + C ) | < ep 1 4 + | A | 2 e p 3 . 
e . e q e ^ 
Theorem 3 . 4 : Le t A - ap , B = bp , and C = cp , w i th e 3 > e^. 
An e r r o r bound f o r the sequence o f o p e r a t i o n s (A ® B) © (A ® C) i s 
e i e ^ .+1 e _ e j 
e p A ( 2 p J + p ^ + p J ) . 
P r o o f : 
| (A ® B) © (A ® C) - [ (A x B) + (A X C ) ] | < | (A ® B) © ( A ® C ) 
- [ (A ® B) + (A fx) C ) ] j + | (A ® B) - (A x B ) | 
+ | (A ® C) - (A x C) | . 
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I f A © B = d p e and A © C = f p e ' , then e < e x + e 2 and e' < el + 
T h e r e f o r e by Equat ion 2 . 1 , 
| (A ® B) © (A ® C) - [ (A ® B) + (A ® C ) ] | < 2 e p e i + e 3 + 1 . 
e +e 
By Equat ion 2 . 5 , | (A © B) - (A x B) | < ep 1 2 and 
e +e 
| (A ® C) - ( A x C ) | < ep 1 3 
T h e r e f o r e , 
e 4"e +1 e +e e 
| (A ® B) © (A ® C) - [ (A x B ) + (A x C) ] | < 2ep 1 3 + ep 1 2 + e p " 
e . e +1 e e 
< ep x ( 2 p J +p ^ + p J ) . 
Theorem 3 . 5 : Le t A - ap , B = bp , and C = cp wi th e 3 > e 2 « 
I f B (+J C = dp and i f e 4 < e 2 , then the sequence o f o p e r a t i o n s 
A ® (B © C) p r o d u c e s a s m a l l e r e r r o r bound than the sequence 
(A © B) © (A (x) C ) . 
P r o o f : By Theorem 3 . 3 , 
e +e e +1 
A
 ® (B © °) ~ A X (B + C ) I < eP 1 4 + |A | 2ep 3 
and by Theorem 3 . 4 , 
e e "1*1 e e 
I (A ® B) © (A ® C) - [ ( A x B ) + ( A x C ) ] | < e p X ( 2 p 3 + p 2 + p 3 ) 
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Now 
e . + e . e +1 e . + e . e . +e +1 
ep 1
 4
 + | A J 2ep 3 - sp 1 4 + | a | 2ep 1 J 
= ep 1 2 (p 4 2 + | a | 2p 3 2 ) 
e . + e e - e 
< ep 1 2 (p 4 2 + | a | 2p) 
s i n c e e^ > e^. But s i n c e | a | < 1, 
e + e 4 e +1 e +e e - e ^ 
ep + | A J 2ep J < ep 1 ^ (p ^ + 2p) . 
S ince i t i s assumed that e , < e „ , then 
4 — z 
V e 2 
l < 1 and 
e , + e . e +1 e +e 
ep 1 + | A | 2ep J < ep 1 M l + 2p) 
© +e 
< 2ep 1 2 (1 + p ) 
e e 9 e 9 + l 
< ep (2p + 2p ) . 
But i t was assumed that e_ > e ^ . Hence 
3 — 2 
e •> "t*eQ e _+1 e . e ^ e <± ©,«+l 
EP H* f A | 2e P < E P M P + P + 2 p ) . 
e . e 3 + l e 9 e 
But EP (2p + P + P ) was the e r r o r bound f o r the sequence 
(A (x) B) © (A g) C) found in Theorem 3 c 4 e Hence the bound f o r the 
o p e r a t i o n s A (x) '(B [£) C) i s the smaller* 
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Thus when us ing pseudo o p e r a t i o n s t o f i n d A • (B + C ) , i f the 
exponen t o f (B 0 C) < Minimum <exponent o f B, exponent o f c | 
(wh ich i s the c a s e when B and C a re n e a r l y equal but o f d i f f e r e n t 
s i g n s ) , Theorem 3c5 i n d i c a t e s t ha t the e r r o r bound w i l l be sma l l e r i f 
t he sequence o f o p e r a t i o n s A ® (B (+) C) i s u s e d . T h i s i s t r u e r e g a r d ­




I t e r a t i v e methods are commonly used in d i g i t a l computers t o f i n d 
z e r o s o f a p o l y n o m i a l . I t e r a t i o n i s i n i t i a t e d wi th a va lue which i s more 
o r l e s s a r b i t r a r y and, a f t e r a few i t e r a t i o n s , a va lue s u f f i c i e n t l y near 
one o f the z e r o s i s r eached and the p r o c e s s "homes" i n on t ha t z e r o . 
When an approximate z e r o , r , has been de te rmined i n t h i s way, the 
p o l y n o m i a l i s d i v i d e d by (x - r ) and i t e r a t i o n i s c o n t i n u e d wi th the 
q u o t i e n t p o l y n o m i a l . P r o c e e d i n g i n t h i s way, a l l z e r o s are u l t i m a t e l y 
de te rmined and the danger o f c o n v e r g i n g t w i c e t o the same z e r o i s 
a v o i d e d . 
However , the p r o c e s s o f d i v i d i n g the p o l y n o m i a l by (x - r ) 
can i n t r o d u c e e r r o r s i n the c o e f f i c i e n t s o f the q u o t i e n t p o l y n o m i a l . 
Then the z e r o s o f the q u o t i e n t p o l y n o m i a l may not be z e r o s o f the 
o r i g i n a l p o l y n o m i a l . To examine the e f f e c t o f t h i s d e f l a t i o n p r o c e s s , 
a second d e g r e e p o l y n o m i a l w i l l be examined. 
L e t 
P ( x ) - a 2 x 2 + a 1 x + a Q , a 2 f 0, 
b e a p o l y n o m i a l wi th r e a l c o e f f i c i e n t s whose z e r o s are the r e a l numbers 
r^ and r 2 » Suppose t h a t r^, an approx ima t ion o f the z e r o r^ , 
has been found and t h a t P ( x ) i s d i v i d e d by ( x - r^ ) us ing s y n t h e t i c 
d i v i s i o n . The c o e f f i c i e n t s of the r e s u l t i n g q u o t i e n t p o l y n o m i a l 
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Q ( x ) = b . x + b 
1 o 
a r e 
b>l = a 2 * and 
b o = r l ® a 2 © a l • 
T h i s i s an app rox ima t ion o f the p o l y n o m i a l 
Q(x ) = b , x + b j where 1 o ? 
^1 ~ a 2 a n c * 
b = r , a~ + a, . 
o 1 2 1 ' 
wh ich has as i t s z e r o r2„ 
Let ri. = b . - b . i = 0 , 1. Then 
' i i i ' 
= 0 and 
n = b - b 
•o o o 
- ( r ^ + a : ) - ( r : ® a 2 © a ^ . 
Le t r 2 + 6 be the z e r o o f Q * ( x ) „ Then 6 i s the e r r o r in the 
second z e r o o f P ( x ) which r e s u l t s from us ing Q*(x) i n s t e a d o f Q ( x ) . 
Then 





b * ( r 2 + 6 ) + b * = b 1 ( r 2 + b) + ( b Q - T ) 0 ) 
= b. r 0 + b + b . 6 - fi 
1 2 o 1 ' o 
= Q(r 2) + bx6 - no • 
But r 2 i s a z e r o o f Q ( x ) . Hence 
b , ( r 0 + ft) + b = b . 6 - n 1 2 ' o 1 ' o 
and 
b.5 - ii = 0 . 
1 ' o 
Thus the e r r o r i n t he second z e r o o f P (x ) i s 
. !o 
— c 
To e s t a b l i s h a bound on the e r r o r , i t i s o n l y n e c e s s a r y t o examine r\Q* 
^ o = ( r l a 2 + a l ) " W ® a 2 © a l ^ 
and 
ln0l < Kr1a2 + a x ) ' ( r ! a 2 + al )l + ^Tla2 + a l ) 
- ® a 2 + + I(T1 ® a 2 + ax) - ® a 2 © 
r
 e
- r~\ + e + 1 




 r. i s the exponent o f r . ® a 0 and 
r i ^ 9 9 
Then 
e i s the exponent o f a. 
|a | j r - r | + ep 2 11 + 2p 1 J | 6 | < — 2 1 1 _ V — - . ( 4 . 1 ) 
| a 2 l 
I f r^ i s an M - d i g i t app rox ima t ion o f r^ which d i f f e r s w i th 
t h 
r^ in the M d i g i t , then 
and 
16 I < 2 
e - e_ ^ / e^ + 1 
|,2| 2^ T l + ep r l ®32 ( i + 2 p 3 1 
" L«2L 
But 
e— < e_ + e TX ® a 2 - r x a 2 
and 
e™ / e „ e + e „ + 1 
ep 1 \ 2 | a J + p ^ + 2p 1 2 
6 (4.2) 
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I t i s apparent from Equat ion 4 . 2 tha t the e r r o r bound f o r the 
second z e r o i s d i r e c t l y a f f e c t e d by the magnitude o f the f i r s t z e r o . 
T h e r e f o r e , in us ing the d e f l a t i o n p r o c e s s on a second d e g r e e p o l y ­
n o m i a l , the b e s t p r o c e d u r e would be t o f i nd the z e r o w i th the s m a l l e s t 
a b s o l u t e magnitude f i r s t . Th i s p r o c e d u r e would p roduce a sma l l e r e r r o r 
bound f o r the second z e r o . 
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